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In this paper, the concept of contractive set-valued maps in the frame of abstract metric
spaces is studied and the existence of fixed points for such maps is guaranteed under
certain conditions. Consequently, several known fixed point results are either generalized
or extended, including the corresponding recent fixed point results of Wardowski
[D.Wardowski, Endpoints and fixedpoints of set-valued contractions in conemetric spaces,
Nonlinear Anal. 71 (2009) 512–516] aswell as KlimandWardowski [D. Klim,D.Wardowski,
Dynamic process and fixed points of set-valued nonlinear contractions in cone metric
spaces, Nonlinear Anal. 71 (2009) 5170–5175]. Examples are given to show that our results
are distinct from the existing ones.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
For a metric space (M, d), let N(M) denote the collection of all nonempty subsets of M , C(M) the collection of all
nonempty closed subsets ofM , CB(M) the collection of all nonempty closed and bounded subsets ofM , K(M) the collection
of all nonempty compact subsets ofM . Fix(T )will denote the set of fixed points of a map T : M → N(M), i.e., points x ∈ M
such that x ∈ Tx. End(T )will stand for the set of endpoints of T , i.e., points x ∈ M such that Tx = {x}.
Investigations of the existence of fixed points of set-valued contractions in metric spaces were initiated by Nadler [1]. He
proved the following important result.
Theorem 1.1 ([1]). Let (M, d) be a complete metric space, and let T : M → CB(M). Assume that
∃c ∈ [0, 1), ∀x, y ∈ M {H(Tx, Ty) ≤ c d(x, y)},
where H is the Hausdorff metric. Then Fix(T ) ≠ ∅.
Various generalizations of Nadler’s result were subsequently obtained by, among others, Reich [2,3], Mizoguchi and
Takahashi [4], and Feng and Liu [5]. Let us mention also papers [6–14].
Recently, Klim and Wardowski [15] proved several fixed point results for set-valued mappings in metric spaces. Then,
in papers [16,17], Wardowski, resp. Klim and Wardowski, proved some results of this kind in the setting of abstract (cone)
metric spaces (see Section 2). In these papers they used cones that are normal or even regular.
In this paper we show that regularity condition for cones may be dropped and even normality condition is superfluous
in some of the mentioned results. Also, these results are extended using the concept of cone symmetric spaces introduced
by the authors in [18] (see Section 2).
Examples are given to show that our results are distinct from the existing ones.
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2. Preliminaries
2.1. Cone metric spaces
Ordered normed spaces and cones are used in applied mathematics, for instance, in Newton’s approximation method
[19–23], and in optimization theory [24]. K -metric and K -normed spaces were introduced in the mid-20th century ([20],
see also [21]) by replacing an ordered Banach space instead of the set of real numbers, as the codomain for a metric. For
the history of contraction type operators in such spaces, see, e.g., [23,25]. Huang and Zhang [26] re-introduced such spaces
under the name of cone metric spaces and proved some fixed point results.
For recent results regarding the fact that cone metric spaces in the sense of Krasnoselskiı˘ and Zabrejko (or Huang and
Zhang) are a special case of TVS-conemetric spaces (concept introducedbyDu in [27]), and establishing equivalence between
some metric and cone metric fixed point results, see [27–31]. Note, however, that the results of the present paper do not
fall into the category of those which can be deduced directly from their metric counterparts.
We need the following definitions and results, consistent with [24,26].
Let E be a real Banach space. A subset P of E is a cone if:
(i) P is closed, nonempty and P ≠ {0};
(ii) a, b ∈ R, a, b ≥ 0, and x, y ∈ P imply ax+ by ∈ P;
(iii) P ∩ (−P) = {0}.
Given a cone P ⊂ E, we define the partial ordering≼with respect to P by x ≼ y if and only if y− x ∈ P . We write x ≺ y
to indicate that x ≼ y but x ≠ y, while x ≪ y stands for y− x ∈ int P (the interior of P).
A cone P ⊂ E is called normal if there is a number K > 0 such that for all x, y ∈ P ,
0 ≼ x ≼ y implies ‖x‖ ≤ K‖y‖ (2.1)
or, equivalently, if
xn ≼ yn ≼ zn and lim
n→∞ xn = limn→∞ zn = x imply limn→∞ yn = x. (2.2)
The least positive number K satisfying (2.1) is called the normal constant of P . It is clear that K ≥ 1. Most of the ordered
Banach spaces used in applications possess a cone with the normal constant K = 1, and if this is the case, proofs of the
corresponding results are much alike those in the metric setting. If K > 1, this is not the case.
The cone P is called regular if every increasing sequence in Ewhich is bounded from above is convergent. That is, if {xn}n≥1
is a sequence in E such that x1 ≼ x2 ≼ · · · ≼ y for some y ∈ E, then there is x ∈ E such that limn→∞ ‖xn − x‖ = 0. Every
regular cone is normal (see [24]), but the converse is not true.
Example 2.1. 1◦ Let E = C1R[0, 1] with ‖x‖ = ‖x‖∞ + ‖x′‖∞ and P = {x ∈ E : x(t) ≥ 0 for t ∈ [0, 1] }. This cone is not
normal. Consider, for example, xn(t) = tnn , yn(t) = 1n . Then 0 ≼ xn ≼ yn and limn→∞ yn = 0, but
‖xn‖ = max
t∈[0,1]
 tnn
+ maxt∈[0,1] |tn−1| = 1n + 1 > 1;
hence {xn} does not converge to zero. It follows by (2.2) that P is a nonnormal cone.
2◦ Let E = CR[0, 1] with ‖x‖ = ‖x‖∞ and let P be as in the previous example. Then P is a normal cone, but it is not
regular. Indeed, let xn(t) = −tn; then the sequence {xn} is increasing and bounded from above but ‖xn‖ = 1 for all n implies
that limn→∞ xn does not exist.
The following remark will be useful in what follows.
Remark 2.2. (1) If u ≼ v and v ≪ w, then u ≪ w.
(2) If 0 ≼ u ≪ c for each c ∈ int P , then u = 0.
Definition 2.3 ([26]). Let X be a nonempty set and P a cone in a Banach space E. Suppose that a mapping d : X × X → E
satisfies:
(d1) 0 ≼ d(x, y) for all x, y ∈ X and d(x, y) = 0 if and only if x = y;
(d2) d(x, y) = d(y, x) for all x, y ∈ X;
(d3) d(x, y) ≼ d(x, z)+ d(z, y) for all x, y, z ∈ X .
Then d is called a cone metric on X and (X, d) is called a cone metric space.
For basic properties of cone metric spaces we refer to [26].
2.2. Symmetric and cone symmetric spaces
We shall recall in this subsection some results about cone symmetric spaces from [18]whichwill be used inwhat follows.
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Definition 2.4 ([18]). Let X be a nonempty set. Suppose that a mapping d : X × X → E satisfies:
(s1) 0 ≼ d(x, y), for all x, y ∈ X and d(x, y) = 0 if and only if x = y;
(s2) d(x, y) = d(y, x), for all x, y ∈ X .
Then d is called a cone symmetric on X , and (X, d) is called a cone symmetric space.
It is easy to give examples of cone symmetric spaces that are not cone metric (see [18]).
Definitions of convergent and Cauchy sequences are the same as that for cone metric spaces.
Let d be a cone symmetric on a nonempty set X . For x ∈ X and c ∈ P , 0 ≪ c , let Bc(x) = {y ∈ X : d(x, y) ≪ c}. The
topology td on X is defined as follows: U ∈ td if and only if for each x ∈ U , there exists c ∈ P , 0 ≪ c , such that Bc(x) ⊂ U .
For the given cone symmetric space (X, d) one can construct a symmetric space (X,D)where ‘‘symmetric’’D : X×X → R
(in the sense of [32]) is given by D(x, y) = ‖d(x, y)‖.
Definition 2.5 ([18]). The space (X,D) is called the symmetric space associated with the cone symmetric space (X, d).
In the case when d is a cone metric and the underlying cone is normal, the triangle inequality
d(x, y) ≼ d(x, z)+ d(z, y)
for each x, y, z ∈ X , implies that the symmetric D = ‖d‖ satisfies the condition
(s3) D(x, y) ≤ K(D(x, z)+ D(z, y)),
where K ≥ 1 is the normal constant of P . Note that if K = 1, then (X,D) is a metric space, but in general it is not.
Now, for x ∈ X and ε > 0 let Bε(x) = {y ∈ X : D(y, x) < ε}. Let tD be the topology on X generated by the balls of the
form Bε(x), x ∈ X , ε > 0.
Theorem 2.6 ([18]). Let (X, d) be a cone metric space with a normal cone P and let D be the associated symmetric. Then td = tD.
In other words, spaces (X, d) and (X,D) have the same collections of open, closed and compact sets, and also the same
convergent and Cauchy sequences and the same continuous functions.
The next example shows that the fixed point problem cannot be solved in symmetric spaces in the same way as in the
metric setting.
Example 2.7. Let X = (0,∞) and d(x, y) = (x − y)2. Obviously, (X, d) is a symmetric space. The mapping fx = 12x, x ∈ X
is a contraction in the Banach sense with 1 > λ ≥ 14 , because
d(fx, fy) = (fx− fy)2 = 1
4
(x− y)2 = 1
4
d(x, y) ≤ λ d(x, y),
for λ ∈ [ 14 , 1). However, f has no fixed points.
However, symmetric spaces obtained, associated with cone metric spaces in the sense of Definition 2.5 have better
properties than the arbitrary ones.
3. Results
3.1. Results for nonregular cones
Wewill show first that part (a) of Theorem 3.1 in [17] can be proved without using regularity and even normality of the
positive cone P . The only assumption will be that P has nonempty interior.
Theorem 3.1. Let (X, d) be a complete cone metric space over a cone P with int P ≠ ∅, and let T : X → C(X). Assume that
there exist a function ϕ : P → [0, 1) and a dynamic process
{xn} ∈ Din(T , x0) =
 {xn}n∈N∪{0} ⊂ X : ∀n ∈ N, xn ∈ Txn−1 
for some point x0 ∈ X such that
(1) for any sequence {rn} ⊂ P, lim supn→∞ ϕ(rn) < 1, provided rn+1 ≼ rn, n ∈ N;
(2) d(xn, xn+1) ≼ ϕ(d(xn−1, xn)) d(xn−1, xn) for all n ∈ N.
Then there exists x∗ ∈ X such that limn→∞ xn = x∗.
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Proof. Let {xn} ∈ Din(T , x0) be the given dynamic process. It follows from assumption (1) that there exist b ∈ (0, 1) and
n0 ∈ N such that ϕ(d(xn, xn+1)) < b for all n > n0. It follows from assumption (2), as in the proof of Theorem 3.1 of [17],
that
d(xn, xn+1) ≼ bn−n0d(x0, x1).
Let nowm > n. Then we have
d(xm, xn) ≼ d(xm, xm−1)+ d(xm−1, xm−2)+ · · · + d(xn+1, xn)
≼ (bm−1−n0 + bm−2−n0 + · · · + bn−n0)d(x0, x1)
≼ b
n−n0
1− bd(x0, x1)→ 0, n →∞
in the Banach space E. It follows that for a given c ∈ int P there exists n1 ∈ N such that for each n > n1
bn−n0
1− bd(x0, x1)≪ c.
Then, using Remark 2.2 (1), we conclude that d(xm, xn)≪ c form > n > n1. This means that the dynamic process {xn} is a
Cauchy sequence in (X, d). Thus, the existence of x∗ ∈ X such that limn→∞ xn = x∗ is proved. 
The other two parts of Theorem 3.1 in [17] are proved (using normality of the cone) as in the mentioned article.
In a similar way, it can be proved that the dynamic process {T nx0} in [17, Corollary 3.2] converges to a certain point
x∗ ∈ X .
3.2. Results in symmetric spaces associated with cone metric spaces
We shall now prove results analogous to theorems from [16,17] but in the setting of symmetric spaces associated with
cone metric spaces. An example will show that they are proper extensions of the known ones. In what follows, for a given
cone metric space (X, d),
D(x, y) = ‖d(x, y)‖
will always denote the associated symmetric in the sense of Definition 2.5.
Theorem 3.2. Let (X, d) be a complete conemetric space over a normal cone P with the normal constant K , and let T : X → C(X)
and E(x, Tx) = {d(x, z) : z ∈ Tx}. Assume that the function I : X → R defined by I(x) = infy∈Tx D(x, y), x ∈ X is lower
semicontinuous. If there exist λ ∈ (0, 1), b ∈ (λ, 1] such that
∀x ∈ X, ∃y ∈ Tx, ∃v ∈ E(y, Ty),∀u ∈ E(x, Tx)

1
λ
‖v‖ ≤ D(x, y) ≤ 1
b
‖u‖

,
then Fix(T ) ≠ ∅.
Recall that a map f : X → R is called lower semicontinuous, if for any sequence {xn} in X and x ∈ X such that xn → x,
we have that f (x) ≤ lim infn→∞ f (xn).
Proof. Starting from arbitrary x0 ∈ X and u0 ∈ E(x0, Tx0) construct inductively sequences {xn}, {un} such that xn+1 ∈ Txn,
un+1 ∈ E(xn+1, Txn+1) and that
1
λ
‖un+1‖ ≤ D(xn, xn+1) ≤ 1b‖un‖ (3.1)
holds. It follows from (3.1) that for each n ∈ N
‖un‖ ≤

λ
b
n
‖u0‖ and D(xn, xn+1) ≤ 1b

λ
b
n
‖u0‖ (3.2)
hold. It follows from (3.2) that un → 0 in the Banach space E and that {xn} is a Cauchy sequence in X . Indeed, first the triangle
inequality implies that for n > m,
d(xn, xm) ≼ d(xn, xn−1)+ · · · + d(xm+1, xm),
and then the normality of the cone P (and the respective property (s3) of the symmetric D) implies that
D(xn, xm) ≤ K(D(xn, xn−1)+ · · · + D(xm+1, xm))
≤

λ
b
n−1
+ · · · +

λ
b
m 1
b
K‖u0‖
≤ (λ/b)
m
1− (λ/b)
1
b
K‖u0‖ = K‖u0‖b− λ

λ
b
m
→ 0, m →∞.
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Since the space (X,D) (together with (X, d)) is complete, there exists x∗ ∈ X such that xn → x∗. We have to show that
x∗ ∈ Fix(T ). First, since un ∈ E(xn, Txn), there exists a sequence zn ∈ Txn such that un = d(xn, zn) → 0, n → ∞. Now the
lower semicontinuity of the function I(x) = infy∈Tx D(x, y) implies that
I(x∗) = inf
y∈Tx∗
D(x∗, y) ≤ lim inf
xn→x∗
inf
y∈Txn
D(xn, y)
≤ lim inf
n→∞ D(xn, zn) = limn→∞ ‖un‖ = 0.
Now, infy∈Tx∗ D(x∗, y) = 0 implies that there exists a sequence yn ∈ Tx∗ such that D(x∗, yn)→ 0, i.e., yn → x∗. Since the set
Tx∗ is closed, it follows that x∗ ∈ Tx∗ and Fix(T ) ≠ ∅. 
Theorem 3.3. Let (X, d) be a complete conemetric space over a normal cone P with the normal constant K , and let T : X → K(X)
and
S(x, Tx) = { u ∈ E(x, Tx) : ‖u‖ = inf{‖v‖ : v ∈ E(x, Tx)} } .
Assume that the function I : X → R defined by I(x) = infy∈Tx D(x, y), x ∈ X is lower semicontinuous. The following hold:
(1) If there exist λ ∈ [0, 1), b ∈ (λ, 1] such that
∀x ∈ X, ∃y ∈ Tx, ∃v ∈ S(y, Ty), ∀u ∈ S(x, Tx) {[b D(x, y) ≤ ‖u‖] ∧ [‖v‖ ≤ λD(x, y)]} ,
then Fix(T ) ≠ ∅.
(2) If there exist λ ∈ [0, 1), b ∈ (λ, 1] such that
∀x ∈ X, ∀y ∈ Tx, ∃v ∈ S(y, Ty), ∀u ∈ S(x, Tx) {[b D(x, y) ≤ ‖u‖] ∧ [‖v‖ ≤ λD(x, y)]} ,
then Fix(T ) = End (T ) ≠ ∅.
The proof is similar to the previous one, and so is omitted. The following simple example illustrates Theorem 3.3.
Example 3.4. Let X = [0, 1], E = R2, P = {(x, y) : x ≥ 0, y ≥ 0}. Let d(x, y) = (|x−y|, 0) and D(x, y) = ‖d(x, y)‖ = |x−y|
for x, y ∈ X , and let T : X → K(X), Tx = { 12x}. Then E(x, Tx) = {( 12x, 0)} = S(x, Tx), I(x) = 12x. Let λ ∈ [ 12 , 1) and
b ∈ (λ, 1]. It is easy to check that both conditions (1) and (2) (which are equivalent in this case) are satisfied and that
Fix(T ) = End(T ) = {0}.
We will give a direct proof of the next single-valued version of Theorem 3.2.
Theorem 3.5. Let (X, d) be a complete cone metric space over a normal cone P with the normal constant K , and let T : X → X.
Assume that the function I(x) = infy∈Tx D(x, y), x ∈ X is lower semicontinuous. If there exists λ ∈ [0, 1) such that
∀x ∈ X,D(Tx, T 2x) ≤ λD(x, Tx),
then Fix(T ) ≠ ∅.
Proof. Let x0 ∈ X . Define the sequence {xn} by xn = T nx0. We have
D(xn, xn+1) = D(T nx0, T n+1x0) = D(TT n−1x0, T 2T n−1x0)
≤ λD(T n−1x0, T nx0) = λD(xn−1, xn).
Hence, for each n ∈ N it is D(xn, xn+1) ≤ λnD(x0, x1). Let n > m; by the triangle inequality
d(xn, xm) ≼ d(xn, xn−1)+ · · · + d(xm+1, xm)
and using normality of the cone P and property (s3) of the symmetric D, we obtain that
D(xn, xm) ≤ KD(xn, xn−1)+ · · · + KD(xm+1, xm)
≤ K(λn−1 + · · · + λm)D(x0, x1)
≤ Kλ
m
1− λD(x0, x1)→ 0, whenm →∞.
Thus, {xn} is a Cauchy sequence (in tD = td, see Theorem 2.6) and xn → x ∈ X . Also, Txn = xn+1 → x. Now the lower
continuity of the function fz = D(z, Tz) implies that
D(x, Tx) = f x ≤ lim inf
n→∞ fxn = lim infn→∞ D(xn, Txn) = 0.
Hence, D(x, Tx) = 0, i.e., Tx = x. We have obtained that Fix(T ) ≠ ∅. 
Corollary 3.6. If conditions of Theorem 3.5 are satisfied, then mapping T has no periodic points, i.e., Fix(T ) = Fix(T n) for each
n ∈ N.
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Proof. It is clear that Fix(T ) ⊂ Fix(T n) and Fix(T ) ≠ ∅.
Let p ∈ Fix(T n), n > 1. Let us prove that Tp = p.
Suppose that Tp ≠ p. The given condition implies that D(Tx, T 2x) < D(x, Tx) for each x ≠ Tx. Then
D(p, Tp) = D(T np, T n+1p) = D(TT n−1p, T 2T n−1p)
< D(T n−1p, T np) < D(T n−2p, T n−1p)
< · · · < D(p, Tp),
a contradiction. 
Thus, mapping T under these conditions has property (P) from [33].
Nowwe show that the contractibility induced by the symmetricD is weaker than the one induced by conemetric d. Thus,
our fixed point results are stronger than those from [16].
Example 3.7. Let, as in [16, Example 5.3], E = R2, P = {(x, y) ∈ E : x, y ≥ 0}, X = {(0, 0), (0, 1), (1, 0)}, d : X × X → E,
d((0, 1), (0, 0)) = (1, 2/3), d((1, 0), (0, 0)) = (4/3, 1), d((1, 0), (0, 1)) = (7/3, 5/3),
with d(x, y) = d(y, x) for all x, y ∈ X and d(x, y) = 0 ⇔ x = y. Let T : X → X ,
T (1, 0) = (0, 0), T (0, 0) = (0, 1), T (0, 1) = (0, 1).
Then
T 2((1, 0)) = (0, 1), T 2((0, 0)) = (0, 1), T 2((0, 1)) = (0, 1).
Calculation shows that
d(Tx, T 2x) ≼ λ d(x, Tx) for λ ∈
[
3
4
, 1

,
but
D(Tx, T 2x) ≤ λD(x, Tx) for λ ∈
√
13
5
, 1

.
Since
√
13
5 <
3
4 , the contractibility induced by D is weaker than the one induced by d.
Finally, the symmetric version of Theorem 3.1 from [17] reads as follows.
Theorem 3.8. Let (X, d) be a complete cone metric space over a normal cone P with the normal constant K , and let T : X →
C(X). Assume that there exist a function ϕ : P → [0, 1) and a dynamic process {xn} ∈ Din(T , x0) for some point x0 ∈ X such
that
1. for any sequence {rn} ⊂ P, lim supn→∞ ϕ(rn) < 1, provided rn+1 ≼ rn, n ∈ N;
2. D(xn, xn+1) ≤ ϕ(d(xn−1, xn))D(xn−1, xn) for all n ∈ N.
Then,
(a) there exists x∗ ∈ X such that limn→∞ xn = x∗;
(b) x∗ is a fixed point of T provided the mapping I(x) = infy∈Tx D(x, y), x ∈ X is Din(T , x0)-dynamic lower semicontinuous
at x∗;
(c) x∗ is a unique fixed point of T provided

n∈N T n(X) is a singleton.
Note that if Y ⊂ X , then T (Y ) =y∈Y Ty, and in particular, T (X) =x∈X Tx. Further, T 2(X) = T (T (X)) = T (x∈X Tx) =
x∈X

y∈Tx Ty, and T n(X) is defined by induction.
Proof. (a) For the dynamic process {xn} = {T nx0} with the initial point x0 ∈ X , according to assumption (1), there exist
b ∈ (0, 1) and n0 ∈ N such that ϕ(d(xk−1, xk)) < b for each k > n0. Using assumption (2) we obtain for n > n0
D(xn, xn+1) ≤ ϕ(d(xn−1, xn))D(xn−1, xn)
≤ ϕ(d(xn−1, xn))ϕ(d(xn−2, xn−1))D(xn−2, xn−1) ≤ · · ·
≤ ϕ(d(xn−1, xn)) · · ·ϕ(d(xn0 , xn0+1))D(xn0 , xn0+1)
≤ bn−n0D(xn0 , xn0+1).
Letm > n > n0. The triangle inequality implies that
d(xm, xn) ≼ d(xm, xm−1)+ · · · + d(xn+1, xn),
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and using normality of the cone P we obtain
D(xm, xn) ≤ K (D(xm, xm−1)+ · · · + D(xn+1, xn))
≤ (bm−1−n0 + · · · + bn−n0)KD(xn0 , xn0+1)
≤ b
n−n0K
1− b D(xn0 , xn0+1)→ 0, n →∞.
Hence, {xn} is a Cauchy sequence (in (X,D) and in (X, d)), and there exists x∗ ∈ X such that xn → x∗, n →∞.
(b) Using Din(T , x0)-dynamic lower semicontinuity of the function I(x) = infy∈Tx D(x, y) at x∗, we obtain I(x∗) =
infy∈Tx∗ D(x∗, y) ≤ lim infn→∞ I(xn) because xn → x∗, and so
I(x∗) ≤ lim inf
n→∞ infy∈Txn
D(xn, y) ≤ lim inf
n→∞ D(xn, Txn).
Since Txn = xn+1, we obtain using the first part of the proof that
I(x∗) ≤ lim inf
n→∞ D(xn, xn+1) = limn→∞D(xn, xn+1) = 0.
Consequently, infy∈Tx∗ D(x∗, y) = 0. It follows that there exist yn ∈ Tx∗ such that D(x∗, yn)→ 0, i.e., yn → x∗, n →∞. Since
the set Tx∗ is closed, it follows that x∗ ∈ Tx∗, i.e., x∗ ∈ Fix(T ).
(c) Let x1 be any fixed point of T . Then
x1 ∈ Tx1 ⊂ T nx1 ⊂ T n(X) for each n ∈ N,
i.e., x1 ∈n∈N T n(X). By the assumption (c), the fixed point x∗ is unique. 
Note that condition (2) of Theorem 3.8 is in the case K = 1 weaker than the respective condition (2) of Theorem 3.1 from
[17]. In the case K > 1, the first condition is not stronger than the latter.
3.3. Results in sequentially compact spaces
In their basic paper on cone metric spaces [26], Huang and Zhang proved, among others, the following theorem.
Theorem 3.9 ([26]). Let (X, d) be a sequentially compact cone metric space over a regular cone P. If a mapping T : X → X
satisfies the condition
d(Tx, Ty) ≺ d(x, y) for all x, y ∈ X, x ≠ y,
then T has a unique fixed point in X.
We shall prove the respective result for the associated symmetric, using normality instead of regularity of the cone.
Theorem 3.10. Let (X, d) be a sequentially compact cone metric space over a normal cone P and let D = ‖d‖ be the associated
symmetric. If a mapping T : X → X satisfies the condition
D(Tx, Ty) < D(x, y) for all x, y ∈ X, x ≠ y, (3.3)
then T has a unique fixed point in X.
Proof. Let x0 ∈ X be arbitrary and construct the Picard sequence by xn = T nx0, n ∈ N. If xn+1 = xn for some n, then xn is a
fixed point of T . Suppose that xn+1 ≠ xn for each n. Then the sequence dn = D(xn, xn+1) is strictly decreasing and positive.
Denote limn→∞ dn = d∗ ≥ 0. Since the space (X, d) (and so also (X,D)) is sequentially compact, there exists a subsequence
{xni} of {xn}, converging to a point x∗ ∈ X . Since mappings T and T 2 are continuous, we have
Txni → Tx∗ and T 2xni → T 2x∗.
Since the symmetric space (X,D) satisfies the so-called property HE (see [18, Remark 2.5] or [26, Lemma 5]), it follows that
D(xni , Txni)→ D(x∗, Tx∗) and D(Txni , T 2xni)→ D(Tx∗, T 2x∗).
Since
D(xni , Txni) = D(xni , xni+1)→ d∗ and D(Txni , T 2xni) = D(xni+1, xni+2)→ d∗,
it follows that D(x∗, Tx∗) = D(Tx∗, T 2x∗) = d∗. If x∗ ≠ Tx∗, then D(Tx∗, T 2x∗) < D(x∗, Tx∗), a contradiction. It follows that
x∗ = Tx∗ and d∗ = 0. Uniqueness follows directly from the assumption. 
Remark 3.11. Putting E = R and P = [0,∞) in the previous theorem, a result of Edelstein [6] is obtained. In other words,
Edelstein’s theorem from 1962 is valid for symmetric spaces associated with cone metric spaces.
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If the space (X, d) is not sequentially compact, condition (3.3) is not sufficient for the existence of a fixed point of the
mapping T .
Example 3.12. Let X = [1,+∞), E = C[0, 1], P = {φ ∈ E : φ(t) ≥ 0, t ∈ [0, 1]} and d(x, y)(t) = |x− y| · 2−t for x, y ∈ X
and t ∈ [0, 1]. Consider themapping T : X → X defined as Tx = x+ 1x . For arbitrary x, y ∈ X wehave d(x, y)(t) = |x−y|·2−t ,
D(x, y) = maxt∈[0,1] |x− y| · 2−t = |x− y| and
d(Tx, Ty)(t) =
x+ 1x

−

y+ 1
y
 · 2−t = |x− y|1− 1xy

· 2−t ,
D(Tx, Ty) = max
t∈[0,1]
|x− y|

1− 1
xy

· 2−t = |x− y|

1− 1
xy

.
Obviously, D(Tx, Ty) < D(x, y) for all x, y ∈ X , x ≠ y. However, T has no fixed points. The space (X, d) is a complete cone
metric space which is not sequentially compact.
Finally, Theorem 3.2 [17] (which is also a generalization of Theorem 3.9) can be formulated for the associated symmetric,
as well. We omit the proof which is similar to the existing one, but we only remark that again only normality, and not
regularity, of the cone is needed.
Theorem 3.13. Let (X, d) be a sequentially compact cone metric space over a normal cone P. Let T : X → N(X) be a closed
mapping satisfying the condition
∀x ∈ X,∀y ∈ Tx, y ≠ x,∀z ∈ Ty, D(y, z) < D(x, y).
Then T has a unique fixed point.
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